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1. Introduction

Hom-type algebras are generalizations of classical algebraic structures (like as-
sociative algebras, Lie algebras, groups, etc.) in which the defining identities are
“twisted” by a linear self-map, typically denoted α. As an application of Hom-type
algebras, it appears primarily in mathematical physics as an algebraic framework
for quantum deformations and twisted symmetries in mathematical physics, and
as generalized structures in Poisson/symplectic and algebraic geometry. In alge-
braic structures, the Hom-type theory is applied to groups, Lie-algebras, etc. (See
[1, 2, 3, 4, 5]).

This paper focuses on the study of Hom-type algebras on generalized Hilbert
algebras. We are going to deal with the following items.
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(1) Making the (commutative, bounded) Hom-Hilbert algebra: We define the
concept of (commutative, bounded) Hom-Hilbert algebras.

(2) Finding examples for the (commutative, bounded) Hom-Hilbert algebra: We
give examples to illustrates the (commutative, bounded) Hom-Hilbert alge-
bra.

(3) Examining the fundamental properties of the (commutative and bounded)
Hom-Hilbert algebra: We examine several properties on the (commutative,
bounded) Hom-Hilbert algebra.

(4) Suggesting a way to induce the Hom-Hilbert algebra from the generalized
Hilbert algebra, and vice versa: We suggest a way to derive a generalized
Hilbert algebra from a Hom-Hilbert algebra, and vice versa.

(5) Forming the poset, semilattice structures, and residuated lattice from a
Hom-Hilbert algebra: We show that every commutative Hom-Hilbert al-
gebra forms the poset structure. We induce the join-semilattice based on
the commutative Hom-Hilbert algebra, and we induce the meet-semilattice
based on the bounded Hom-Hilbert algebra. We construct the commutative
residuated lattice based on the bounded commutative Hom-Hilbert algebra.

2. Preliminaries

A Hilbert algebra (See [6]) is defined as a triple (H, ∗, 1), where ∗ is a binary
operation and 1 is a constant, satisfying the following three axioms for all x, y, z ∈ H:

(HA1) x ∗ (y ∗ x) = 1,
(HA2) (x ∗ (y ∗ z)) ∗ ((x ∗ y) ∗ (x ∗ z)) = 1,
(HA3) x ∗ y = 1, y ∗ x = 1 =⇒ x = y.
A generalized Hilbert algebra (briefly, g-Hilbert algebra) (See [7]) is defined as a

triple (H, ∗, 1) where ∗ is a binary operation and 1 is a constant, satisfying the
following three axioms for all x, y, z ∈ H:

(gH1) 1 ∗ x = x,
(gH2) x ∗ x = 1,
(gH3) x ∗ (y ∗ z) = y ∗ (x ∗ z),
(gH4) x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z).
Every Hilbert algebra is a g-Hilbert algebra, but not vice vresa (See [7]).
A g-Hilbert algebra (H, ∗, 1) is said to be commutative (See [7]), if it satisfies:

(∀x, y ∈ H)((x ∗ y) ∗ y = (y ∗ x) ∗ x).(2.1)

3. Hom-Hilbert algebras

As a Hom-type generalization of a classical g-Hilbert algebra, we introduce the
concept of Hom-Hilbert algebras.

Definition 3.1. A Hom-Hilbert algebra is a quadruple H := (H, →, 1, α), where
H is a nonempty set, → is a binary operation on H, 1 ∈ H is the unit and α is
a self-map (called the twisting map) of H, satisfying the following axioms for all
x, y, z ∈ H:

(HH1) α(1) → x = x,
(HH2) α(x) → x = 1,
(HH3) α(x) → (α(y) → z) = α(y) → (α(x) → z),
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(HH4) α(x) → (α(y) → z) = α(α(x) → y) → (α(x) → z).

Example 3.2. (1) Let H = {1, a, b} be a set with the Cayley table for →:

→ 1 a b
1 1 a b
a 1 1 1
b 1 a 1

Define the twisting map α : H → H by α(1) = 1, α(a) = a and α(b) = a. It is
routine to check that H := (H, →, 1, α) is a Hom-Hilbert algebra.

(2) Let H be the infinite real interval [0, 1] and consider the Gödel implication
→, that is,

(∀x, y ∈ H)

(
x → y =

{
1 if x ≤ y

y if x > y

)
.

Define the twisting map

α : H → H, x 7→

{
1 if x = 1

0 if x < 1.

Then H := (H, →, 1, α) is a Hom-Hilbert algebra.

Define a binary relation ≤α by

(∀x, y ∈ H)(x ≤α y ⇐⇒ α(x) → y = 1).

Proposition 3.3. Every Hom-Hilbert algebra H := (H, →, 1, α) satisfies the fol-
lowing conditions: for all x, y, z ∈ H,

x ≤α x, x ≤α 1,(3.1)

x ≤α y, y ≤α z =⇒ x ≤α z,(3.2)

y ≤α z =⇒ α(x) → y ≤α α(x) → z,(3.3)

x ≤α α(y) → x,(3.4)

x ≤α y =⇒ α(y) → z ≤α α(x) → z,(3.5)

α(x) → y ≤α α(α(y) → z) → (α(x) → z).(3.6)

Proof. The axiom (HH2) immediately means x ≤α x. If we put y = x and z = x in
(HH4), then

α(x) → 1
(HH2)
= α(x) → (α(x) → x) = α(α(x) → x) → (α(x) → x)

(HH2)
= α(1) → 1

(HH1)
= 1.

Thus x ≤α 1. So (3.1) is valid.
3
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Suppose x ≤α y and y ≤α z. Then α(x) → y = 1 and α(y) → z = 1. Thus

α(x) → z
(HH1)
= α(1) → (α(x) → z)

= α(α(x) → y) → (α(x) → z)

(HH4)
= α(x) → (α(y) → z)

= α(x) → 1
(3.1)
= 1.

So x ≤α z, which shows (3.2).
Suppose y ≤α z. Then α(y) → z = 1. Thus

α(α(x) → y) → (α(x) → z)
(HH4)
= α(x) → (α(y) → z) = α(x) → 1

(3.1)
= 1.

So α(x) → y ≤α α(x) → z, which proves (3.3). For every x, y ∈ H, we have

α(x) → (α(y) → x)
(HH3)
= α(y) → (α(x) → x)

(HH2)
= α(y) → 1

(3.1)
= 1.

Hence x ≤α α(y) → x which proves (3.4).
Suppose x ≤α y. then α(x) → y = 1. Thus

α(x) → (α(y) → z)
(HH4)
= α(α(x) → y) → (α(x) → z)

= α(1) → (α(x) → z)

(HH1)
= α(x) → z.

It follows that

α(α(y) → z) → (α(x) → z) = α(α(y) → z) → (α(x) → (α(y) → z))

(HH3)
= α(x) → (α(α(y) → z) → (α(y) → z))

(HH2)
= α(x) → 1

(3.1)
= 1.

So α(y) → z ≤α α(x) → z, i.e., (3.5) is valid. For every x, y, z ∈ H, we have

α(α(x) → y) → (α(α(y) → z) → (α(x) → z))

(HH3)
= α(α(y) → z) → (α(α(x) → y) → (α(x) → z))

(HH4)
= α(α(y) → z) → (α(x) → (α(y) → z))

(HH3)
= α(x) → (α(α(y) → z) → (α(y) → z))

(HH2)
= α(x) → 1

(3.1)
= 1,

Hence α(x) → y ≤α α(α(y) → z) → (α(x) → z), i.e., (3.6) is valid. □

We can see that the binary relation ≤α is a preorder on H with 1 as greatest
element (See (3.1) and (3.2)).

In Example 3.2, we have

≤α= {(1, 1), (a, 1), (a, a), (a, b), (b, 1), (b, a), (b, b)}.
Then a ≤α b and b ≤α a, but a ̸= b. Thus the binary relation ≤α does not satisfy
the antisymmetry.

4



Y. B. Jun / Ann. Fuzzy Math. Inform. x (2026), No. x, xxx–xxx

The theorem below is a way to derive a g-Hilbert algebra from a Hom-Hilbert
algebra.

Theorem 3.4. Let H := (H, →, 1, α) be a Hom-Hilbert algebra. If we define
x ∗ y = α(x) → y for x, y ∈ H, then (H, ∗, 1) is a g-Hilbert algebra.

Proof. Let x, y, z ∈ H. Then 1 ∗ x = α(1) → x
(HH1)
= x, x ∗ x = α(x) → x

(HH2)
= 1,

x ∗ (y ∗ z) = α(x) → (y ∗ z) = α(x) → (α(y) → z)

(HH3)
= α(y) → (α(x) → z)

= α(y) → (x ∗ z) = y ∗ (x ∗ z),

and

x ∗ (y ∗ z) = α(x) → (y ∗ z) = α(x) → (α(y) → z)

(HH4)
= α(α(x) → y) → (α(x) → z)

= α(x ∗ y) → (x ∗ z)
= (x ∗ y) ∗ (x ∗ z).

Thus (H, ∗, 1) is a g-Hilbert algebra. □

We form a Hom-Hilbert algebra from a g-Hilbert algebra.

Theorem 3.5. Let (H, ∗, 1) be a g-Hilbert algebra and let α : H → H be any bijective
map. Define a binary operation → in H by x → y := α−1(x) ∗ y for x, y ∈ H. Then
the quadruple H := (H, →, 1, α) is a Hom-Hilbert algebra.

Proof. Let x, y, z ∈ H. Since α is bijective, we get

α(x) → y = α−1(α(x)) ∗ y = x ∗ y.

Then α(1) → x = 1 ∗ x (gH1)
= x, α(x) → x = x ∗ x (gH2)

= 1, and

α(x) → (α(y) → z) = α(x) → (y ∗ z) = x ∗ (y ∗ z) (gH3)
= y ∗ (x ∗ z)

= α(y) → (x ∗ z) = α(y) → (α(x) → z).

Thus (HH1), (HH2), and (HH3) are valid. Finally, we have

α(x) → (α(y) → z) = α(x) → (y ∗ z) = x ∗ (y ∗ z)
(gH4)
= (x ∗ y) ∗ (x ∗ z)

= (α(x) → y) ∗ (α(x) → z)

= α(α(x) → y) → (α(x) → z).

So H := (H, →, 1, α) is a Hom-Hilbert algebra. □

The example below illustrates Theorem 3.5.
5
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Example 3.6. Let H = {0, 1, a, b} be a set with the Cayley table for ∗:

∗ 0 a b 1
0 1 1 1 1
a b 1 b 1
b a a 1 1
1 0 a b 1

Then (H, ∗, 1) is a g-Hilbert algebra. Define a map α : H → H by α(1) = 1,
α(a) = b, α(b) = a and α(0) = 0. Now, we apply our formula to generate the
twisted Hom-implication presented by x → y := α−1(x) ∗ y and its Cayley table is
as follows:

→ 0 a b 1
0 1 1 1 1
a a a 1 1
b b 1 b 1
1 0 a b 1

Thus H := (H, →, 1, α) is a Hom-Hilbert algebra.

Definition 3.7. AHom-Hilbert algebraH := (H,→, 1, α) is said to be commutative,
if it satisfies:

(∀x, y ∈ H)(α(α(x) → y) → y = α(α(y) → x) → x).(3.7)

Example 3.8. Let H = {1, a} and define the binary operation → with the following
Cayley table:

→ 1 a
1 1 1
a 1 a

Let α : H → H be defined by α(1) = a and α(a) = 1. Then H := (H, →, 1, α) is a
commutative Hom-Hilbert algebra.

Proposition 3.9. Every commutative Hom-Hilbert algebra H := (H, →, 1, α) sat-
isfies for all x, y ∈ H:

x ≤α y =⇒ y = α(α(y) → x) → x,(3.8)

x ≤α α(α(x) → y) → y.(3.9)

Proof. Suppose x ≤α y. Then α(x) → y = 1. Thus

α(α(y) → x) → x
(3.7)
= α(α(x) → y) → y = α(1) → y

(HH1)
= y.

Also, we have

α(x) → (α(α(x) → y) → y)
(3.7)
= α(α(x) → y) → (α(x) → y)

(HH2)
= 1.

So x ≤α α(α(x) → y) → y. □

Theorem 3.10. If H := (H, →, 1, α) is a commutative Hom-Hilbert algebra, then
(H,≤α) is a poset.

6
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Proof. Since the binary relation ≤α is a preorder on H, it is sufficient to show that
the binary relation ≤α satisfies the antisymmetry. Suppose x ≤α y and y ≤α x, i.e.,
α(x) → y = 1 and α(y) → x = 1. Then

y
(3.8)
= α(α(y) → x) → x = α(1) → x

(HH1)
= x.

Thus (H,≤α) is a poset. □

In a Hom-Hilbert algebra H := (H, →, 1, α), we define the twisted join, denoted
as ∨α, as follows:

(∀x, y ∈ H)(x ∨α y = α(α(x) → y) → y).

It is clear that if H := (H, →, 1, α) is a commutative Hom-Hilbert algebra, then
x ∨α y = y ∨α x.

Theorem 3.11. If H := (H, →, 1, α) is a commutative Hom-Hilbert algebra, then
the map

f : H → H, x 7→ x ∨α y

is ≤α-monotone, and x ∨α y is the least upper bound of x and y with respect to the
partial order ≤α, and (H,∨α,≤α) is a join-semilattice with top element 1.

Proof. Suppose y ≤α z. Then α(z) → x ≤α α(y) → x by (3.5), which implies from
(3.5) again that

f(y) = y ∨α x = α(α(y) → x) → x ≤α α(α(z) → x) → x = z ∨α x = f(z).

Thus f is ≤α-monotone.

Let x, y ∈ H. Then x ≤α x ∨α y by (3.9). Also, y ≤α y ∨α x
(3.7)
= x ∨α y. Thus

x∨α y is an upper bound of x and y with respect to the partial order ≤α. Let z ∈ H
be an upper bound of x and y with respect to the partial order ≤α, i.e., x ≤α z and
y ≤α z. Then α(α(z) → x) → x = z by (3.8). Thus

x ∨α y = α(α(x) → y) → y = α(α(y) → x) → x ≤α α(α(z) → x) → x = z.

So x ∨α y is the least upper bound of x and y with respect to the partial order ≤α.
Since (H,≤α) is a poset (see Theorem 3.10), (H,∨α,≤α) is a join-semilattice, and
1 is the top element since x ∨α 1 = α(α(x) → 1) → 1 = 1. □

Definition 3.12. A Hom-Hilbert algebra H := (H, →, 1, α) is said to be bounded,
if there exists an element 0 ∈ H such that 0 ≤α x, i.e., α(0) → x = 1, for all x ∈ H.

The bounded Hom-Hilbert algebra will be denoted as the quintuple H0 := (H,
→, 1, 0, α).

Example 3.13. Let H = {0, 1, a} be a set with the Cayley table for →:

→ 0 a 1
0 1 1 1
a 0 1 1
1 0 a 1

Define the twisting map α : H → H by α(1) = 1, α(a) = 0, and α(0) = 0. It is
routine to check that H0 := (H, →, 1, 0, α) is a bounded Hom-Hilbert algebra.

7
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Let H0 := (H, →, 1, 0, α) be a bounded Hom-Hilbert algebra. Define a unary
operation

¬α : H → H, x 7→ α(x) → 0.

Proposition 3.14. Every bounded Hom-Hilbert algebra H0 := (H, →, 1, 0, α)
satisfies the following assertions for all x, y ∈ H:

x ∨α 0 = x,(3.10)

¬α(0) = 1, ¬α(1) = 0,(3.11)

α(0) → ¬α(x) = 1,(3.12)

¬α(¬α(x)) = x,(3.13)

x ≤α y =⇒ ¬α(y) ≤α ¬α(x).(3.14)

Proof. (3.10): If we take y = 0 in (3.7), then

x ∨α 0 = α(α(x) → 0) → 0 = α(α(0) → x) → x = α(1) → x
(HH1)
= x

for all x ∈ H.

(3.11): ¬α(0) = α(0) → 0
(HH2)
= 0 and ¬α(1) = α(1) → 0

(HH1)
= 0.

(3.12): For every x ∈ H, we get

α(0) → ¬α(x) = α(0) → (α(x) → 0)
(HH3)
= α(x) → (α(0) → 0)

(HH2)
= α(x) → 1

(3.1)
= 1.

(3.13): If we take y = 0 in (3.7), then

¬α(¬α(x)) = α(α(x) → 0) → 0 = α(α(0) → x) → x

= α(1) → x
(HH1)
= x.

(3.14): Suppose x ≤α y. Then α(x) → y = 1. Thus

α(¬α(y)) → ¬α(x) = α(α(y) → 0) → (α(x) → 0)

(HH3)
= α(x) → (α(α(y) → 0) → 0)

= α(x) → (¬α(¬α(y)))

(3.13)
= α(x) → y = 1.

So ¬α(y) ≤α ¬α(x). □

Let H0 := (H, →, 1, 0, α) be a bounded Hom-Hilbert algebra. Using the twisted
join ∨α, we define the twisted meet, denoted by ∧α, as follows:

(∀x, y ∈ H)(x ∧α y = ¬α(¬α(x) ∨α ¬α(y))).

Using the Commutativity of the twisted join ∨α, it is clear that if H0 := (H, →,
1, 0, α) is a bounded commutative Hom-Hilbert algebra, then x ∧α y = y ∧α x for
all x, y ∈ H.

Theorem 3.15. Let H0 := (H, →, 1, 0, α) be a bounded Hom-Hilbert algebra. Then
the twisted meet x ∧α y is the greatest lower bound of x and y with respect to the
partial order ≤α, and (H,∧α,≤α) is a meet-semilattice with the bottom element 0.

8
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Proof. Using Theorem 3.11, we know that ¬α(x)∨α ¬α(y) is the least upper bound
of ¬α(x) and ¬α(y), i.e., ¬α(x) ≤α ¬α(x) ∨α ¬α(y) and ¬α(y) ≤α ¬α(x) ∨α ¬α(y).
It follows from (3.14) and (3.13) that

x ∧α y = ¬α(¬α(x) ∨α ¬α(y)) ≤α ¬α(¬α(x)) = x

and x∧α y = ¬α(¬α(x)∨α ¬α(y)) ≤α ¬α(¬α(y)) = y. Then x∧α y is a lower bound
of x and y with respect to the partial order ≤α. Let z be any other lower bound
of x and y with respect to the partial order ≤α, i.e., z ≤α x and z ≤α y. Then
¬α(x) ≤α ¬α(z) and ¬α(y) ≤α ¬α(z) by (3.14). Thus ¬α(z) is an upper bound of
¬α(x) and ¬α(y). So ¬α(x) ∨α ¬α(y) ≤α ¬α(z) since ¬α(x) ∨α ¬α(y) is the least
upper bound of ¬α(x) and ¬α(y). Usaing (3.13) and (3.14) yields z = ¬α(¬α(z)) ≤α

¬α(¬α(x) ∨α ¬α(y)) = x ∧α y. Hence x ∧α y is the greatest lower bound of x and y
with respect to the partial order ≤α. Since (H,≤α) is a poset (See Theorem 3.10),
(H,∧α,≤α) is a meet-semilattice with the bottom element 0. □

The combination of Theorem 3.10, Theorem 3.11 and Theorem 3.15 yields the
following theorem.

Theorem 3.16. If H0 := (H, →, 1, 0, α) is a bounded commutative Hom-Hilbert
algebra, then the quadruple (H,≤α,∨α,∧α) is a bounded lattice.

Proposition 3.17. Every bounded commutative Hom-Hilbert algebra H0 := (H, →,
1, 0, α) satisfies the following items: for all x, y, z ∈ H,

¬α(x) ∨α y = α(x) → y,(3.15)

z ∧α x ≤α y ⇐⇒ z ≤α α(x) → y,(3.16)

x ∧α (y ∨α z) = (x ∧α y) ∨α (x ∧α z),(3.17)

x ∨α (y ∧α z) = (x ∨α y) ∧α (x ∨α z).(3.18)

Proof. (3.15): For every x, y ∈ H, we have

¬α(x) ∨α y = α(α(¬α(x)) → y) → y

(3.7)
= α(α(y) → ¬α(x)) → ¬α(x)

= α(α(y) → (α(x) → 0)) → (α(x) → 0)

(HH3)
= α(α(x) → (α(y) → 0)) → (α(x) → 0)

= α(α(x) → ¬α(y)) → (α(x) → 0)

(HH4)
= α(x) → (α(¬α(y)) → 0)

= α(x) → ¬α(¬α(y))

(3.13)
= α(x) → y.

(3.16): If z ∧α x ≤α y, then ¬α(¬α(z) ∨α ¬α(x)) ≤α y. Thus

¬α(y)
(3.14)

≤α ¬α(¬α(¬α(z) ∨α ¬α(x)))
(3.13)
= ¬α(z) ∨α ¬α(x).

9



Y. B. Jun / Ann. Fuzzy Math. Inform. x (2026), No. x, xxx–xxx

So

1 = α(¬α(y)) → (¬α(z) ∨α ¬α(x))

(3.15)
= α(¬α(y)) → (α(z) → ¬α(x))

(HH3)
= α(z) → (α(¬α(y)) → ¬α(x))

(3.15)
= α(z) → (¬α(¬α(y)) ∨α ¬α(x))

(3.13)
= α(z) → (y ∨α ¬α(x))

= α(z) → (¬α(x) ∨α y)

(3.15)
= α(z) → (α(x) → y).

Hence z ≤α α(x) → y.
Conversely, suppose z ≤α α(x) → y. Let b = z ∧α x. Then b ≤α z and b ≤α x.

Thus b ≤α α(x) → y since ≤α is transitive. So

1 = α(b) → (α(x) → y)
(HH4)
= α(α(b) → x) → (α(b) → y)

= α(1) → (α(b) → y)
(HH1)
= α(b) → y,

Hence z ∧α x = b ≤α y.
(3.17): Let x, y, z ∈ H. Since x ∧α y ≤α x and x ∧α y ≤α y ≤α y ∨α z, the

transitivity of ≤α gives x ∧α y ≤α y ∨α z. Then x ∧α y ≤α x ∧α (y ∨α z). By the
similar way, x ∧α z ≤α x ∧α (y ∨α z). It follows that

(x ∧α y) ∨α (x ∧α z) ≤α x ∧α (y ∨α z).

LetR = (x∧αy)∨α(x∧αz). Then x∧αy ≤α R and x∧αz ≤α R. Thus y ≤α α(x) → R
and z ≤α α(x) → R by (3.16), i.e., α(x) → R is an upper bound of y and z. So
y ∨α z ≤α α(x) → R which is equivalent to

x ∧α (y ∨α z) ≤α R = (x ∧α y) ∨α (x ∧α z).

Hence x ∧α (y ∨α z) = (x ∧α y) ∨α (x ∧α z).
(3.18): It is obtained in a similar way to (3.17). □

Theorem 3.18. If H0 := (H, →, 1, 0, α) is a bounded commutative Hom-Hilbert
algebra, then the quadruple (H,≤α,∨α,∧α) is a distributive bounded lattice.

Proof. This is an immediate result of Theorem 3.16 and Proposition 3.17. □

Lemma 3.19. Let H0 := (H, →, 1, 0, α) be a bounded commutative Hom-Hilbert
algebra. Then (H,∧α, 1) and (H,∨α, 0) are commutative monoids. If we define
x ⇒ y := α(x) → y for all x, y ∈ H, then z ∧α x ≤α y ⇐⇒ z ≤α x ⇒ y.

Proof. For every x, y, z ∈ H, let c = (x ∧α y) ∧α z. Then c is a lower bound of
x ∧α y and z. Since c ≤α x ∧α y, it is also a lower bound of x and y. Thus
c ≤α x, c ≤α y and c ≤α z. Also, c ≤α (y ∧α z), since c is a lower bound of
y and z, so (x ∧α y) ∧α z = c ≤α x ∧α (y ∧α z). By applying the exact same
logic in reverse, we get x ∧α (y ∧α z) ≤α (x ∧α y) ∧α z. Using the antisymmetry
of ≤α yields x ∧α (y ∧α z) = (x ∧α y) ∧α z. It is clear that x ∧α 1 ≤α x. Since
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x ≤α 1 and x ≤α x, i.e., x is a lower bound x and 1, we have x ≤α x ∧α 1.
Thus x ∧α 1 = x. Since the twisted meet ∧α is commutative, it also follows that
1∧αx = x. So (H,∧α, 1) is a commutative monoid. By the similar way, we can verify

that (H,∨α, 0) is a commutative monoid. If x ⇒ y
def
= α(x) → y for all x, y ∈ H,

then z ∧α x ≤α y ⇐⇒ z ≤α x ⇒ y for all x, y, z ∈ H by (3.16). □

By comprehensively considering the above discussion, we derive the following
theorem.

Theorem 3.20. If H0 := (H, →, 1, 0, α) is a bounded commutative Hom-Hilbert
algebra, then (H,≤α,∧α,∨α,⇒, 0, 1) is a commutative residuated lattice.
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