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ABSTRACT. The concept of (commutative, bounded) Hom-Hilbert alge-
bras is introduced, and examples are provided to illustrate it. Fundamental
properties of the (commutative and bounded) Hom-Hilbert algebra are in-
vestigated, and a method for deriving the generalized Hilbert algebra from
the Hom-Hilbert algebra is presented, and vice versa. A process is given
in which every commutative Hom-Hilbert algebras form a poset structure.
The join-semilattice is induced based on the commutative Hom-Hilbert
algebra, and the meet-semilattice is induced based on the bounded Hom-
Hilbert algebra. The commutative residuated lattice based on the bounded
commutative Hom-Hilbert algebra is constructed.
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1. INTRODUCTION

Hom-type algebras are generalizations of classical algebraic structures (like as-
sociative algebras, Lie algebras, groups, etc.) in which the defining identities are
“twisted” by a linear self-map, typically denoted «. As an application of Hom-type
algebras, it appears primarily in mathematical physics as an algebraic framework
for quantum deformations and twisted symmetries in mathematical physics, and
as generalized structures in Poisson/symplectic and algebraic geometry. In alge-
braic structures, the Hom-type theory is applied to groups, Lie-algebras, etc. (See
[ A Bt ])

This paper focuses on the study of Hom-type algebras on generalized Hilbert
algebras. We are going to deal with the following items.



Y. B. Jun / Ann. Fuzzy Math. Inform. x (2026), No. x, XXxx—XXx

(1) Making the (commutative, bounded) Hom-Hilbert algebra: We define the
concept of (commutative, bounded) Hom-Hilbert algebras.

(2) Finding examples for the (commutative, bounded) Hom-Hilbert algebra: We
give examples to illustrates the (commutative, bounded) Hom-Hilbert alge-
bra.

(3) Examining the fundamental properties of the (commutative and bounded)
Hom-Hilbert algebra: We examine several properties on the (commutative,
bounded) Hom-Hilbert algebra.

(4) Suggesting a way to induce the Hom-Hilbert algebra from the generalized
Hilbert algebra, and vice versa: We suggest a way to derive a generalized
Hilbert algebra from a Hom-Hilbert algebra, and vice versa.

(5) Forming the poset, semilattice structures, and residuated lattice from a
Hom-Hilbert algebra: We show that every commutative Hom-Hilbert al-
gebra forms the poset structure. We induce the join-semilattice based on
the commutative Hom-Hilbert algebra, and we induce the meet-semilattice
based on the bounded Hom-Hilbert algebra. We construct the commutative
residuated lattice based on the bounded commutative Hom-Hilbert algebra.

2. PRELIMINARIES

A Hilbert algebra (See [6]) is defined as a triple (H,*,1), where * is a binary
operation and 1 is a constant, satisfying the following three axioms for all z,y,z € H:

(HAL) % (yxx) =1,

(HA2) (1 % (y + 2)) * (2 9) * (24 2)) = 1,

(HA3) zxy=l,yxz=1 = z=y.

A generalized Hilbert algebra (briefly, g-Hilbert algebra) (See [7]) is defined as a
triple (H,*,1) where x is a binary operation and 1 is a constant, satisfying the
following three axioms for all z,y,z € H:

(gHl) 1% 2 = x,

(gH2) zxz =1,

(gH3) zx (y*2) =y = (x * 2),

(gH4) zx (y*2) = (z*xy) * (x * 2).

Every Hilbert algebra is a g-Hilbert algebra, but not vice vresa (See [7]).

A g-Hilbert algebra (H,*,1) is said to be commutative (See [7]), if it satisfies:

(2.1) (Vo,y € H)((zxy) xy = (y*x) * ).
3. HOM-HILBERT ALGEBRAS

As a Hom-type generalization of a classical g-Hilbert algebra, we introduce the
concept of Hom-Hilbert algebras.

Definition 3.1. A Hom-Hilbert algebra is a quadruple H := (H, —, 1, «), where
H is a nonempty set, — is a binary operation on H, 1 € H is the unit and « is
a self-map (called the twisting map) of H, satisfying the following axioms for all
r,y,z € H:

(HH1) o(1) » z ==,

(HH2) a(z) > = =1,

(HH3) a(z) - (aly) > 2) = aly) > (alz) = 2),

2
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(HH4) a(z) — (a(y) — 2) = a(a(z) = y) = (a(z) — 2).

Example 3.2. (1) Let H = {1,a,b} be a set with the Cayley table for —-:

Define the twisting map o : H — H by a(1) = 1, a(a) = a and a(b) = a. It is
routine to check that H := (H, —, 1, ) is a Hom-Hilbert algebra.
(2) Let H be the infinite real interval [0,1] and consider the Gédel implication

—, that is,
1 ifzx<
(V:r:,yEH)(x—ﬂy:{ 1x_y>
y ifzx>y

Define the twisting map

s o {00
Then H := (H, —, 1, «) is a Hom-Hilbert algebra.
Define a binary relation <, by
(Ve,y e H)(x <py <= a(z) > y=1).

Proposition 3.3. Every Hom-Hilbert algebra H := (H, —, 1, «) satisfies the fol-
lowing conditions: for all x,y,z € H,

(3.1) T <o T <ql,

(3.2) 2<a ¥, yY<az = <, 2,

(3.3) Y<oz = a(z) 5>y <,ar) >z
(3.4) x <4 a(y) — =z,

(3.5) <oy = ay) =z <qa(r) =z,
(3.6) a(r) =y <q ala(y) = 2) = (a(z) = 2).

Proof. The axiom (HH2) immediately means © <, x. If we put y = 2 and z =z in
(HH4), then

alz) =1 ()

alz) = (a(z) = ) = ala(z) = 2) = (alz) = x)

a(l) > 1

Thus = <, 1. So (3.1) is valid.

(HEQ) (HI:{l) 1
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Suppose z <, y and y <, z. Then a(z) - y =1 and a(y) — z = 1. Thus

a(z) = z "2V (1) = (alz) = 2)

=ala(z) = y) = (a(z) = 2)

TEY o(2) = (aly) — 2)

SN

=afz) > 1

So x <, z, which shows (3.2).
Suppose y <, z. Then a(y) — z = 1. Thus
ola(z) = 1) = (a@) = 2) "2V a(z) = (aly) = 2) = alz) > 1 &)
So a(z) = y <, a(x) — z, which proves (3.3). For every x,y € H, we have

a(@) = (a(y) = 2) "= aly) > (a(@) > 2) "2 a(y) 11,

Hence = <, a(y) — x which proves (3.4).
Suppose z <, y. then a(x) - y = 1. Thus

o(z) = (aly) = 2) "2V ala(z) = y) = (alz) = 2)

=a(l) = (a(z) = 2)

(i alx) = z.

It follows that
ala(y) = z) = (a(z) = 2) = alaly) — 2) = (a(z) = (a(y) — 2))

YEY a(2) = (alaly) = 2) = (aly) = 2))

(HH2) a(z) > 1 2 1.

So a(y) — z <4 a(z) = z, ie., (3.5) is valid. For every z,y,z € H, we have
a(a(z) = y) = (alaly) = 2) = (a(z) = 2))
(HH3)
(HH4)
(HH3)

(HH2)
="«

Hence a(z) = y <, a(aly) — z) = (a(x) — 2), i.e., (3.6) is valid. O

We can see that the binary relation <, is a preorder on H with 1 as greatest
element (See (3.1) and (3.2)).
In Example 3.2, we have

<a= {(15 1)7 (a” 1)7 (a’ a)7 (a’ b)a (bv 1)a (b7 a)a (b7 b)}
Then a <, b and b <, a, but a # b. Thus the binary relation <, does not satisfy

the antisymmetry.
4
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The theorem below is a way to derive a g-Hilbert algebra from a Hom-Hilbert
algebra.

Theorem 3.4. Let H := (H, —, 1, «) be a Hom-Hilbert algebra. If we define
xxy=ax) =y forx,y € H, then (H,*,1) is a g-Hilbert algebra.

Proof. Let z,y,z € H. Then 1 xz = «a(l) - x (i z,zxx=oax) > () 1,
T (yx2)=a(z) = (y*2) =a(r) = (aly) = 2)
"2 ay)  (al@) - 2)
=afy) = (xx2) =y*(z*2),
and
T (yx2)=a(z) = (y*2) =a(r) = (aly) = 2)
=a(zxy) = (z*2)
Thus (H, *,1) is a g-Hilbert algebra. d

We form a Hom-Hilbert algebra from a g-Hilbert algebra.

Theorem 3.5. Let (H,x*,1) be a g-Hilbert algebra and let o : H — H be any bijective
map. Define a binary operation — in H by x — y := o~ 1 (x) xy for v,y € H. Then
the quadruple H := (H, —, 1, ) is a Hom-Hilbert algebra.

Proof. Let x,y,z € H. Since « is bijective, we get
alr) =y =a a(x)) xy =z *y.

(gH2)

(eI1) z,a(r) >z =zxx =1, and

Then a(l) 2z =1xzx

Thus (HH1), (HH2), and (HH3) are valid. Finally, we have

a(2) = (aly) = 2) = alz) = (y=2) = 2% (y*2)

(eH4) (z*y)* (x*2)

~ (af@) » 9) * (ale) > 2)
= a(a(z) = y) = (a(z) = 2).
So H := (H, —, 1, ) is a Hom-Hilbert algebra. O

The example below illustrates Theorem 3.5.
5
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Example 3.6. Let H = {0,1,a,b} be a set with the Cayley table for *:

*‘Oab 1
01 1 1 1
alb 1 b 1
bla a 1 1
1/0 a b 1

Then (H,#,1) is a g-Hilbert algebra. Define a map o« : H — H by «a(l) = 1,
ala) = b, a(b) = a and «(0) = 0. Now, we apply our formula to generate the
twisted Hom-implication presented by z — y := a~!(z) * y and its Cayley table is
as follows:

—>‘Oa b 1
o1 1 1 1
ala a 1 1
b|b 1 b 1
10 a b 1

Thus H := (H, —, 1, «) is a Hom-Hilbert algebra.

Definition 3.7. A Hom-Hilbert algebra H := (H, —, 1, a) is said to be commutative,
if it satisfies:

(3.7) (Ve,y € H)(a(a(z) = y) = y = alaly) = x) = x).

Example 3.8. Let H = {1, a} and define the binary operation — with the following
Cayley table:

S

1 a

1 1

1 a

Let a: H — H be defined by (1) =a and a(a) = 1. Then H := (H, =, 1, o) is a
commutative Hom-Hilbert algebra.

Proposition 3.9. Fvery commutative Hom-Hilbert algebra H := (H, —, 1, «) sat-
isfies for all x,y € H:

(3.8) T<ay = y=oa(ay) > z) >,
(3.9) z <4 ala(z) = y) =y
Proof. Suppose z <, y. Then a(z) - y = 1. Thus
alaly) 2 x) > x (D) ala(z) =2 y) my=a(l) >y () .
Also, we have
3.7) (HH2)
a(e) = (a(a(z) = y) =) = ala(@) = y) = (a(z) =) 2L
So x <, ala(z) = y) — . O

Theorem 3.10. If H := (H, —, 1, a) is a commutative Hom-Hilbert algebra, then
(H,<.) is a poset.
6
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Proof. Since the binary relation <, is a preorder on H, it is sufficient to show that
the binary relation <, satisfies the antisymmetry. Suppose x <, y and y <, z, i.e.,
alz) »y=1and a(y) » x = 1. Then

(3.8) (HH1)

alaly) w2 z) w2 z=a(l) >z x.

Thus (H,<,) is a poset. O

In a Hom-Hilbert algebra H := (H, —, 1, «), we define the twisted join, denoted
as Vg, as follows:

(Vz,y € H)(x Vo y = ala(z) = y) = y).

It is clear that if H := (H, —, 1, «) is a commutative Hom-Hilbert algebra, then
TVayYy=YVaol.

Theorem 3.11. If H := (H, —, 1, «) is a commutative Hom-Hilbert algebra, then
the map

f:H—H z—xV,y
is <q-monotone, and x Vo y is the least upper bound of x and y with respect to the
partial order <, and (H,V 4, <) is a join-semilattice with top element 1.

Proof. Suppose y <, z. Then a(z) —» = <, a(y) — « by (3.5), which implies from
(3.5) again that

fy)=yVax=alaly) 2 z) >z <y ala(z) > 2) 2 x=2Vsz = f(2).

Thus f is <,-monotone.

Let z,y € H. Then z <, V4 y by (3.9). Also, y <o yVaz D) T Vg y. Thus
Vo y is an upper bound of x and y with respect to the partial order <. Let z € H
be an upper bound of z and y with respect to the partial order <,, i.e., z <, z and

Yy <q 2. Then a(a(z) = ) — = = z by (3.8). Thus
2 Vay = ala(®) 5 y) + y = alaly) = 2) = 7 <a ala(s) 5 2) S5 = 2.

So x V, vy is the least upper bound of x and y with respect to the partial order <.
Since (H,<,) is a poset (see Theorem 3.10), (H, V4, <.) is a join-semilattice, and
1 is the top element since x V4 1 = a(a(r) = 1) - 1= 1. O

Definition 3.12. A Hom-Hilbert algebra H := (H, —, 1, «) is said to be bounded,
if there exists an element 0 € H such that 0 <, z, i.e., a(0) - =1, for all x € H.

The bounded Hom-Hilbert algebra will be denoted as the quintuple Ho := (H,
—, 1,0, a).

Example 3.13. Let H = {0,1,a} be a set with the Cayley table for —-:

1
1
1

Define the twisting map a : H — H by «
routine to check that Hoy := (H, —, 1, 0, «
7

1) =1, a(a) = 0, and «(0) = 0. Tt is
is a bounded Hom-Hilbert algebra.

=
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Let Ho := (H, —, 1, 0, «) be a bounded Hom-Hilbert algebra. Define a unary
operation
—o:H— H, x+— a(x) — 0.
Proposition 3.14. Every bounded Hom-Hilbert algebra Ho := (H, —, 1, 0, «)
satisfies the following assertions for all x,y € H:

(3.10) Vo0 =1z,
(3.11) —0(0) =1, =4(1) =0,
(3.12) a(0) = 4 (z) =1,
(3.13) “a(7a(2)) =,
(3.14) T<ay = “a(y) <o Tal@).
Proof. (3.10): If we take y = 0 in (3.7), then
Ve 0=0ala(z) 2 0) =2 0=ala0) 5 z) 52z =a(l) >z (HHY

for all z € H.

(3.11): a(0) = a(0) — 0 "2¥ 0 and =4 (1) = a(1) — 0 "2 0,

(3.12): For every x € H, we get
a(0) = = (z) = a(0) = (a(z) — 0) "2V o

(HE2) alz) =1 &1 .

(3.13): If we take y = 0 in (3.7), then
“a(7a(2)) =ala(z) 2 0) 5 0=a(a(0) > ) >

=a(l) >z ()

() = (a(0) = 0)

(3.14): Suppose x <, y. Then a(zx) — y = 1. Thus
a(a(y)) = 2al(z) = alaly) = 0) = (a(z) = 0)
() a(z) = (a(a(y) — 0) — 0)
= Oé(.’L‘) - (_‘a(_‘a(y)))
(3.13) alz) >y =1
S0 7 (y) <a 7al(2). [

Let Ho := (H, —, 1, 0, a) be a bounded Hom-Hilbert algebra. Using the twisted
join V, we define the twisted meet, denoted by A, as follows:

(Vz,y € H)(2 Ao Y = 70 (7a(T) Va 7a(y)))-
Using the Commutativity of the twisted join V,, it is clear that if Hg := (H, —,

1, 0, ) is a bounded commutative Hom-Hilbert algebra, then x A, y = y Ay x for
all xz,y € H.

Theorem 3.15. Let Hy := (H, —, 1, 0, ) be a bounded Hom-Hilbert algebra. Then
the twisted meet x N, y is the greatest lower bound of x and y with respect to the

partial order <., and (H, Ay, <o) is a meet-semilattice with the bottom element 0.
8
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Proof. Using Theorem 3.11, we know that —,(z) Vo 7o (y) is the least upper bound

of =o(z) and =4 (y), i-e., 74(2) <q4 7a(2) Va 7a(y) and =4 () <o 7a(2) Va 7a(y).
It follows from (3.14) and (3.13) that

T Ao Y = 7a(7a(T) Va 1Y) <a 7a(-a() =2

and Ao ¥ = 70 (70 () Va 7a(¥)) <a 7a(—a(y)) =y. Then z A, y is a lower bound
of x and y with respect to the partial order <,. Let z be any other lower bound
of z and y with respect to the partial order <,, i.e., z <, x and z <, y. Then
“0(2) <o 7a(z) and =4 (y) <o 7a(z) by (3.14). Thus —,(z) is an upper bound of
“(x) and 24 (y). S0 70 () Va 70 (¥) <a 7a(2) since —4(x) Vo 7(y) is the least
upper bound of =, (z) and =, (y). Usaing (3.13) and (3.14) yields z = =4 (74(2)) <&
“a(7a(T) Vo 7a(¥)) = 2 Aq y. Hence x A, y is the greatest lower bound of x and y
with respect to the partial order <,. Since (H, <,) is a poset (See Theorem 3.10),
(H, Aoy <q) is a meet-semilattice with the bottom element 0. 0

The combination of Theorem 3.10, Theorem 3.11 and Theorem 3.15 yields the
following theorem.

Theorem 3.16. If Hy := (H, —, 1, 0, «) is a bounded commutative Hom-Hilbert
algebra, then the quadruple (H,<.,Va,Aa) is a bounded lattice.

Proposition 3.17. Every bounded commutative Hom-Hilbert algebra Ho := (H, —,
1, 0, «) satisfies the following items: for all x,y,z € H,

(3.15) () Vo y = a(z) =y,

(3.16) 2ha <qy = z<40a(z) >y,
(3.17) 2 Ao (YVa 2) = (2 Ao ¥) Va (T Ao 2),
(3.18) T Va (YN 2) = (8 Va y) Ao (T Va 2).

Proof. (3.15): For every z,y € H, we have
“a () Vay = ala(-a(z) = y) =y
" a(ay) = =al@) > malo)
a(a(y) = (a(z) = 0)) = (a(z) = 0)
"2 afa(@) > (aly) — 0)) = (al) = 0)
= a(a(z) = na(y)) = (a(z) = 0)
"2 af@) = (al=aly) = 0)
= a(z) = 7a(7aly))
(3.13) a(z) = y.
(3.16): If 2 Aq <o ¥y, then =4 (—0(2) Vo 70 () <4 y. Thus
(3.14) (3.13)

“a(¥) <a Ta(7a(7a(?) Vag_‘a(x)))
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So

Hence z <, a(z) — v.
Conversely, suppose z <, a(z) = y. Let b = 2 Aq 2. Then b <, z and b <, z.
Thus b <, a(z) — y since <, is transitive. So

(HH4)

1=a(b) = (a(z) = y) a(a(b) = z) = (a(b) = y)

(HH1)

=a(l) = (a(b) = y) a(b) =y,

Hence z Ay x = b <, v.

(3.17): Let x,y,z € H. Since zNoy <o z and 2 A ¥y <o ¥ <a Y Va 2, the
transitivity of <, gives £ Aq ¥y <o ¥ V4 2. Then 2 Ay y <4 & Ao (¥ Vo 2). By the
similar way, © Aq 2 < T Aq (Y Vo 2). Tt follows that

(2 Ao ¥) Va (2 Ao 2) <o T Ag (Y Vo 2).

Let R = (zA0y)Va(xAnz). Then zAny <, Rand zA,z <, R. Thusy <, a(z) = R
and z <, a(z) — R by (3.16), i.e.,, a(x) — R is an upper bound of y and z. So
Y Va 2 <q a(x) = R which is equivalent to

T Ao (YVa 2) <a R=(2Nay) Vo (T Ay 2).

Hence x Ay, (Y Vo 2) = (2 Aq YY) Va (T Ag 2).
(3.18): Tt is obtained in a similar way to (3.17). O

Theorem 3.18. If Hy := (H, —, 1, 0, «) is a bounded commutative Hom-Hilbert
algebra, then the quadruple (H,<.,,Va,Aa) is a distributive bounded lattice.

Proof. This is an immediate result of Theorem 3.16 and Proposition 3.17. O

Lemma 3.19. Let Hy := (H, —, 1, 0, ) be a bounded commutative Hom-Hilbert
algebra. Then (H,Ay,1) and (H,V,,0) are commutative monoids. If we define
r=y:=a(x) >y foralx,ye H, then zNo 2 <qy < 2<q2z=y.

Proof. For every x,y,z € H, let ¢ = (x Ay y) A 2. Then ¢ is a lower bound of

T Aq y and z. Since ¢ <, x A, ¥y, it is also a lower bound of x and y. Thus

¢ <q 2, ¢ <o yand ¢ <, 2. Also, ¢ <, (y Aa 2), since ¢ is a lower bound of

yand z, 80 (T Aq Y) Na 2 = ¢ <4 & Ao (¥ Ao 2). By applying the exact same

logic in reverse, we get = Ay (¥ Aa 2) <a (& Ao Y) Ao 2. Using the antisymmetry

of <, yields & A (Y Ao 2) = (2 Aq Y) Ao 2. Tt is clear that @ A, 1 <, z. Since
10
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r <o 1 and z <, z, i.e., x is a lower bound x and 1, we have z <, = A, 1.
Thus A, 1 = x. Since the twisted meet A, is commutative, it also follows that

1Aq

x =2x. So (H, A, 1) is a commutative monoid. By the similar way, we can verify

that (H,Vq,0) is a commutative monoid. If z = y Lef afz) —» y for all z,y € H,
then z A\ 2 <ny < 2z <,z =y forall z,y,z € H by (3.16). O

By comprehensively considering the above discussion, we derive the following
theorem.

Theorem 3.20. If Hy := (H, —, 1, 0, «) is a bounded commutative Hom-Hilbert
algebra, then (H,<.,Aa;Va,=,0,1) is a commutative residuated lattice.

(1]

[2

(3]

(4]

(5]
(6]
7
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